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COMPLETENESS OF THE k-TH NULLITY FOLIATIONS

MASAMI SEKIZAWA

S. Tachibana and the author [5] have defined the k-th nullity distribution of
the Riemannian curvature tensor which includes S. S. Chern and N. H. Kuiper’s
as the O-th nullity distribution. It is the aim of the present paper to discuss the
completeness of the leaves induced from this distribution, when the manifold
is complete.

The author would like to express his sincere gratitude to Professors S. Tachi-
bana and Y. Ogawa for their valuable advice and encouragement. The author
also wishes to thank the referee whose suggestions improved this paper.

1. Preliminaries and statement of results

Let M be an n-dimensional Riemannian manifold, and let V, T,(M) and
%(M) be the Riemannian connection, the tangent space at a point p of M and
the algebra of vector fields on M.

Let K be a tensor field of type (r,s). For simplicity, we use the notation

F*KYWy,...n3 Xys -+, X)) o1
(VkK)(Wk ----- P41 9 W, Wz'-—l,...,x X, XY

instead of
PT*KY W5 -3 W Xy, -, X9,

where X,, ---, X,, W, ---, W, e T,(M), k is a nonnegative integer, and /'K
means K.

The k-th nullity space NP of the Riemannian curvature tensor R at p is the
subspace of T ,(M) given by

NP ={XeT,(M)|(F*"RYW,,...,; U, V)X =0
forany U, V,W,, .-, W,eT,(M), 0 < h < k}

for a nonnegative integer %, and we set Ny = T,(M). The O-th nullity space
is the nullity space defined by Chermn-Kuiper [2]. We call x*(p) = dim N
the k-th nullity of R at p. The function ¢ is upper semi-continuous. We have
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shown that if the function x‘® is constant on M, then the distribution N*:
p — N is differentiable and involutive, and each maximal integral manifold of
N is totally geodesic in M.

The following proposition will be needed later.

Proposition. Let X e N® Y e N* VY and U,V , W, ---, W, ¢ X(M). Sup-
pose that VY = 0and [X, Ul =[X,V]I=[X,W,J=0@G=1,.-.,k). Then

Vx(P*RYWy,....; U, VYY) =0

for a nonnegative integer k.

Proof. We shall prove the proposition by mathematical induction on k.
For the case where k=0, using the Bianchi identity &5, , xR} (U, V)Y =
0, where &5 ,,» denotes cyclic summation over X, U and V, we have

X? {Fx(R(U,V)Y) — R(IX, UL V)Y — R(U, VP zY}=0.

Thus we get Vx(R(U, V)Y) = 0.
Next we assume that the proposition is true for & — 1. For any X ¢ N'®
and Y e N*-P guch that V'Y = 0, we have

Vx((F*RYWy,...i; U, VIY) = V((FTF T RYW a3 U, VIV X))

Since V.Y € N*~? by Proposition 1 of [S] and V3V .Y = Vyp VY = 0, the
right hand side of the above equation vanishes by the induction assumption.
q.e.d.

In the next section we shall prove

Theorem 1. Suppose that M contains an open subset G on which y'® is
constant for 0 < h < k, and that v: [0, s,] — M is a geodesic satisfying r(s) e G
and 7(s) e N® for all s € [0,5,). Then N is parallel along (10, s,]).

We define G to be the nonempty open subset of M, on which u‘*’ assumes
its minimum for M, and G to be the nonempty open subset of G**1, on
which g* assumes its minimum for G**?, 0 < k < k — 1. Setting G = G,
from Theorem 1 we obtain immediately

Theorem 2. If M is complete, then the leaves of the k-th nullity foliation
of R induced on G are complete.

2. Proof of Theorem 1

The fundamental idea in our proof is similar to that of Abe [1]. We shall
prove the theorem by mathematical induction on k. For the case where & = 0,
the theorem has been proved [1],[3], [4]. Then we assume that it is true for
k—1. .

Let L be a leaf of N® in G, and p a point in L. Since N ¢ N~V L is
a submanifold of a leaf L’ of N~V in G through the point p. Consider a unit
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speed geodesic 7: [0,s,) — L. Since L is totally geodesic in M, 7 extends to a
complete geodesic in M, and N®, 0 < A < k — 1, is paraliel along 7({0, s.])
by the induction assumption. It suffices to show that N® is parallel along
7([0, s41). Suppose p, = 7(s) for any s ¢ [0, s,].

Let B(py,¢) be an e-ball with p, as its center such that for any x in B(p,, ¢),
Exp, of T,(M) in M gives a diffeomorphism of the 2e-ball in T,(M) with its
image. Let us take a point g = 7() ¢ L N B(p,, ¢) and reparametrize 7 to get
a new unit speed geodesic y such that (0) = g and 7(z,) = p, for some z,.

For convenience, we assume that the indices run over the following ranges:

i,j=1,.-,m: nullity indices,
a,b=m+ 1,--.,n: nonnullity indices,
I,] =1,...,n: unrestricted indices,

where m denotes the value of the function ¢* on G.

Now let £ = (x¥) be a Frobenius coordinate system on a neighborhood
U(C G N B(py, ) of g such that {(g) = (0, ---,0) ¢ R*, 3/9x” are orthogo-
nal at g, and (x%) are coordinates of slices by the leaves of k-th nullity. Let
3 be the slice determined by x* = 0, and let E; be m orthonormal vector
fields in N*® on 3] such that E,(g) = #(g).

Denote by ¢ the restriction of £ to ;. Then ¢ gives a diffeomorphism of
>, onto a neighborhood W of the origin (0, - -+, 0) € R*~™. Define a C* map-
ping F: R™ X W — M by

F(#, -+, 1% %) = BXD;-1ra ( i‘ ziE,.(gs-l(x))) )

where x = (x®) is a point in R*~™ such that {o¢~(x) = (0, -- -, 0, (x®)). F is
of class C~.
We set

Ha. ={(11,0,---,0,0, "',03xa,0’ '--,O)GRmX W} >

where x° occurs in the a-th component in R™ x W C R*. Let V, be the
restriction of F to H,. Then for each a, V,(¢, x) defines a geodesic variation
along the geodesic y(2) = V,(¢,0). We denote by X, the associated Jacobi field
for each a. Then we have FiX, = 0. Thus by the same argument as in the
proof of Lemma 1.4.2 of Abe [1], we see that F is regular on H = {(#}, 0,
---,0)e R™ X W|0 < ¢ <t} except possibly at finitely many points. Let 2,
be the greatest value of the first coordinate in R™ x W at such singular points
of F in H. Then there exists an open neighborhood N of the set H = {(¢,0,
--+,0 e Hih, <t <t,}, where the rank of F, is n constantly. Thus F|N is
an immersion of N into M. By the inverse function theorem, at any point x in
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H’, we have a neighborhood N, where F becomes a diffeomorphism. Taking
N_ small enough, we can assume N, C G.

Since R™ x W has the canonical coordinate frame N,, - --, N, which is in-
duced from that in R™ X R*~™ = R", we can introduce a frame field 3/6x? =
(F|N_)(N;) such that 3/dx® are tangent to leaves in N, ‘

Let Y(z,) be a k-th nullity vector at p, = y(¢,). Parallelly translate ¥(z,)
backwards along y. Since p, is in the leaf L’ of N%*~V and N~V js parallel
along x'-curves near y([#,, t,]) by the induction assumption, we can extend Y
to a vector field, also denoted by Y, on a neighborhood of the set y([a,, 2,])
such that Y ¢ N*"* and V,,,,Y = 0. We shall show that

(*) V%ct)((VhR)(th,...,Ix; X, X)Y)=0

for h=0,1, ---,k, where X;’s are vector fields along y, such that X;(y(#))
= (8/0xD(y®)) on H N N,.

Since the vector field Y is a (kK — 1)th nullity vector field on y([%,, 2.1}, we
have (%) for A =0,1, ...,k — 1. Thus it remains to show (x) for A = k. It
suffices to show that

Vopa(WER)(@/0x™; - - - 5 5/0x; 0/9x%,8/0x")Y) = O

on y((hy, ) N F(N,). Since /0x' isin N® in F(N,), Y e N*V, F, .Y =0
on a neighborhood of y, and [3/dx%, 3/6x7] = F,([N;, N;]) = 0, the above is
a consequence of the proposition in § 1.

Let ¢ be chosen from (4,,¢,). Then we claim that

F*RYWy,....; U, MYy =0
foral W, ...,W,,Uand VinT,,M;ie., Y(® is in Nf. In fact, let

U=U<+ 3 UsX,, V=V 4+ 3 VX,,

a=m+1 b=m+1

where U’ and V'’ are the N}, components of U and V, respectively. Then

(T*R)YWy,...1; U, VY (@)
..... UL VY (@)

+ T*RYW,,,....; U, 2 VPX)Y ()

+ P"RYW,.....; 2 UsX,, VHY ()

+ TPRYWh,.....;s 2 UsX,, VXY () .
The first three terms of the right hand side of the above equation vanish by

the fact that U’, ¥V’ e N®, and the last term must vanish by (x) and the fact
that Y(z,) € N%,,. Therefore N® is parallel along 7| (h,, ¢,]. It follows that

FLCOM

N® js parallel along 7([0, s4]), as required.
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